
Spectral Estimators for Multi-Index Models:
Precise Asymptotics and Optimal Weak Recovery
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Setup

Multi-Index Model

q : Rp
Ñ R nonlinearity, W ˚

P Rpˆd signal matrix, and ε random noise.

RemarkTaking q “ pbi ¨ ReLuq
bp gives a two-layer neural network.

Weak Recovery

xW “

”

pw1, ¨ ¨ ¨ , pwp
ıJ

weakly recovers W ˚
“

”

w˚
1, ¨ ¨ ¨ , w˚

p

ıJ

iff Di, j P rps

ˇ

ˇ

ˇ

A

pwi, w
˚
j

E
ˇ

ˇ

ˇ

} pwi}2}w
˚
j}2

ą
dÑ8

0.

Spectral estimator

Fix any T : R Ñ R. Define the matrix D ” Dn P Rdˆd as

Dn “
1

n
XT pY qXJ
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T pyiqxix
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The spectral estimator outputs top p eigenvectors of D, i.e.

xW “

”

vD1 , ¨ ¨ ¨ , vDp
ı

.

Problem Formulation

Given X P Rdˆn, Y P Rn, q, and W ˚W ˚J, weakly recover W ˚
P Rdˆp for

Y “ qpW ˚Xq ` ε.

Assumptions

•Gaussian data

X P Rdˆn, s.t. Xi,j
i.i.d.
„ N p0, 1q.

• Independent signals

pw˚
i qiPrps are linearly independent, and independent of X

•Proportional scaling, fixed index

n, d Ñ 8,
n

d
“ δ, p “ Θp1q.

Optimal recovery

Theorem 1

There exists a weak recovery threshold δc such that

•For any δ ď δc, no T can achieve weak recovery.

•For any δ ą δc, there exists T δ
˚ that achieves weak recovery.

Both δc and T δ
˚ can be computed
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for uc P Sp´1 a maximizer of (1).

Example

For p “ 2, qps1, s2q “ s1 ¨ s2

δc « 0.5937, T ˚
pyq “ 1 ´

K0p|y|q

yK0p|y|q ` |y|K1p|y|q
.

Simulation

qps1, s2q “ s1 ¨ s2, d “ 1500

Precise asymptotics

Fix T , and τ “ inftc : PpT pyq ď cq “ 1u. Define ψδ : sτ,8rÑ R and its
point of minimum as

ψδpαq :“ α
ˆ

1

δ
` E

„

z
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, ᾱδ :“ argmin
αąτ

ψδpαq.

Define ζδ : R Ñ R and R8 : sτ,8rÑ Rpˆp as

ζδpαq :“ ψδpmaxtᾱδ, αuq, R8
pαq :“ E

«

αssJz
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ff

,

where s „ N p0p, Ipq, z „ T pyq. Let h8
i be i-th eigenvector of R8

pαq.

Theorem 2

Suppose αi ą ᾱδ solution exists to

λipR
8

pαqq “ ζδpαq.

Then, it holds that
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Otherwise, if no αi ą ᾱδ solves it, then

λDi
a.s.

ÝÝÝÑ ζδpᾱδq,
A

vDi , ej
E

a.s.
ÝÝÝÑ 0.

RemarkThis builds on top of the results for p “ 1 from (Mondelli,
and Montanari, 2019).

Intuition


