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Problem
When does reusing data help optimization?

Full batch GD VS One pass SGD
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Setting
Single index model Goal
i = 6({x;, 0%)) 16%ll,=1  Weak recovery
%~ HO, ) :\ B} | (6%,0(D))| > c>0
e ?' —®  Strong recovery

D={xyl, e 10(2) — 6%|| — 0

SGD and spectral method performance
Theorem (Ben Arous et. al., 2021)

For 6(2) = z° one pass SGD on S ! achieves
with n < dlogd, |(6*%,6,)| — 0,
with n> dlog*d, ||6*—-46,| — O.

This also applies to truncated quadratic activations.

Corollary of (Mondelli & Montanari, 2018; Lu & Li, 2020)

For o(z) =z let A* = Z (y)x x;, then spectral method
i=1
with n ~d, forz =id, |[(6%,v{(A¥)))| — 0,

with n ~ d, for z = min{id,c}, |{(6*,v{(A*)))| - ¢ > 0.
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Full-batch does not improve
Full batch Gradient Flow with correlation loss
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The flow is a power method on A*.

o Vs (6, D) — —L =—(I-06)A%6,
dt dt

Theorem (ours)

For 0(2) = z* full-batch GF
n<dlogd, |{(6*%6) — 0.
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Unbounded quadratic link
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A* dominated by rare large samples
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Truncation helps weak recovery

Theorem (ours)
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Strong recovery and training dynamics

Full batch Gradient Descent with square loss
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Theorem (ours)

i=1

For o(z) =min{z% C} full-batch GD with n~d, [0- 6% -0,
and it takes T ~ logd steps.
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GD Steps T
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Th hold (GD steps T)
[ N )
[ ] [ ] e o
0O 0 0 0 O
geees \
§855E )
nnn

[S, 1 IRV N Ry
23333

10? 10° 6
GD Steps T log(d)

Two phase dynamics

' s Small random init Oy ~ ;ST a1
For 6(z) = min{z? C} full-batch GF A v
n~d, |[(0%80) —-c>0. 5 f Phase I: search Early GD ~ power method on A* — [(6%,6,)| > ¢
AN i \)
Bounded quadratic link A Phase II: refinement  (V.Z(6,,92),0* - 6,) > al|6* - 6,||?
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: - i s Strong recovery 16 — 6||> decays geometrically
Uniform BBP spike A* P t
Method Activation Samples Recovery
One pass SGD (truncated) quadratic dlogd (strong) weak
Full batch GF quadratic dlogd weak
Full batch GF truncated quadratic d weak
Full batch GD truncated quadratic d, T~ logd strong



